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Abstract 

It is often inevitable to introduce an indefinite-metric space in 
quantum field theory, for example, which is explained for the sake 
of the manifestly covariant quantization of the electromagnetic field. 
We show two more evident mathematical reasons why such indefinite 
metric appears. The first idea is the replacement of involution on an 
algebra. For an algebra A with an involution f such that a repre- 
sentation of the involutive algebra {A, f) brings an indefinite- metric 
space, we replace the involution f with a new one * on ^ such that 
(.4, *) is a well-known involutive algebra acting on a representation 
space with positive definite metric. This explains that non-isomorphic 
two involutive algebras are transformed each other by the replacement 
of involution. The second is that a covariant (Hilbert space) repre- 
sentation (Ti.,TT,U) of an involutive dynamical system ((y^, *), Z2, a) 
brings a Krein space representation of the algebra A with the replaced 
involution. For example, we show representations of abnormal CCRs, 
CARs and pseudo-Cuntz algebras arising from those of standard CCRs, 
CARs and Cuntz algebras. 
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1 Introduction 



We have studied representations of operator algebras [U [21 [T3 [161 [13 US]- 
Most of the representation spaces are complex vector spaces with positive 
definite metric. However, it is often inevitable to introduce an indefinite- 
metric space in quantum field theory [24\ I27j . In this paper, we clarify 
the mechanism why such indefinite metric appears and show a systematic 
treatment of such indefinite-metric representation from a standpoint of in- 
volutions on algebras. 

1.1 Involution and vector space with indefinite metric 

We explain terminology here. In this paper, any algebra means an algebra 
over C. A map 93 on ^ is called an involution on ^ if (/? is a conjugate linear 
map which satisfies (p{xy) = ip{y)ip{x) for each x,y ^ A and (^^ = id. For 
convenience, we write instead of ^{x) for x € A. For the notation of 
involution, *, f and # are often used [26l [28l [35] . In physics, for an operator 
T, the operator is often called the hermite conjugate of T, which is the 
image of an involution f of T. Remark that a different notion of "involution" 
is used in supersymmetry (§ 5.1.1 in |34] ) . 

The terminology of "*-algebra" is not suitable to treat two different 
involutions on an algebra at once. Hence we use a terminology, involutive 
algebra instead of it according to Chapter 1 of [6j. A pairing (A,*) is an 
involutive algebra if * is an involution on an algebra A. Of course, a *- 
algebra A is an involutive algebra (A,*), li x £ A satisfies x* = x, then 
X is called *-self-adjoint. An involutive algebra (A,*) is called a Banach 
involutive algebra if ^ is a Banach algebra and ||a::*|| = ||x|| for each x £ A. 
A Banach involutive algebra (A,*) is a C*-algebra if = for each 

x £ A. For involutive algebras {A, *) and {B, f), a homomorphism / from A 
to B is involutive if / o * = f o /. An automorphism a of {A, *) is involutive 
if*oa = Qo*. An involution f on ^ is equivalent to * if there exists an 
involutive isomorphism from (A,^) to (.4,*). A subalgebra ^0 of (-4,,*) is 
involutive (or self-adjoint) if {x* : x S ^0} C .4o. 

An involution is one of most important structures on operator alge- 
bras [25]. Especially, the C*-condition is a nice characterization of a special 
involution with respect to the norm. On the other hand, properties of the 
involution on the algebra of field operators in quantum field theory is not 
well-known. For example, the involution on the algebra A of field opera- 
tors in quantum electrodynamics satisfies neither the C*-condition nor the 
positivity of the spectrum of the operator I + x*x ior x G A. 
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On a complex vector space V, a map (•!•) from 1/ x F to C is called 
a hermitian form on V if (•!•) is sesquilinear and {v\w) = {w\v) for each 
VyW G V. We assume that {x\cy) = c{x\y) for x,y G V and c G C in this 
paper. In the theory of indefinite-metric space and quantum field theory, 
such a hermitian form is called by an inner product or metric. A hermitian 
form (•!•) is indefinite if there exist v,w £ V such that {wlw) < < {v\v). 
Such pair (V^, (•!•)) is called an indefinite-metric space or indefinite-inner 
product space. 

For any operator T on a hermitian vector space (V, (•!•)), if (•!•) is non- 
degenerate, then there exists unique operator T* on V such that {T*v\w) = 
{v\Tw) for each v,w € V. The involution -k is called the involution associ- 
ated with the hermitian form (•!•). With respect to this the algebra EndF 
of all linear operators on V is an involutive algebra (Endy, A pairing 
{V, vr) is a (involutive) representation of an involutive algebra {A, f) if is a 
vector space with a nondegenerate hermitian form (•!•) and vr is an involutive 
homomorphism from A to (EndF, . 

1.2 Abnormal commutation relations 

According to the preface in [5] , the theory of indefinite- metric space has two 
origins which are relatively independent. One is quantum field theory [9tl28j 
and other is functional analysis \30\ |3T] . A difference of their styles is the 
order of logic of the theory. In the former, the algebra A of field operators 
appears in first and an indefinite-metric space appears as a representation 
space of A. On the other hand, the later, an indefinite-metric space is given 
in first and the theory of linear operators on it is discussed [211 [22l [23l [33] . 

We show that an algebras with a certain involution brings an indefinite- 
metric space as its involutive representation. In order to explain such alge- 
bras, we demonstrate by three examples. 

For three families {a, a^}, {/, f^} and {si, S2, s\, s^} with an involution 
t, consider the following relations: 

aa^ — a^a = — /, aa — aa = a^a^ — a^a^ = 0, (1-1) 

fP + Pf = -I, ff + ff = PP + PP = 0, (1.2) 

slsj = i-iy-^5ijl (i,j = l,2), sis\-S2sl = I (1.3) 

where / denotes the unit in each case. Relations (jl.ip . (11.211 and (II. 3p are 
called the abnormal canonical commutation relations, the abnormal canoni- 
cal anti- commutation relations, and the pseudo-Cuntz relations, respectively 
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[21 [27]. Define involutive algebras Aj^, Ap and { generated by them, re- 
spectively. We consider their involutive representations as follows. 

In Section 3 of [27], it was explained that involutive representations of 
A§ and Ap cause indefinite-metric spaces as the involutive representation 
spaces of them. Assume that (•!•) is a nondegenerate hermitian form on 
V and A§ is involutively represented on {V, (•!•)). If there exists a vector 
n e V such that > and afi = 0, then {a^Q\a^Q) = -{Q\n) < 0. 

Hence (jl.ip brings an indefinite-metric representation in this case. Because 
the algebra generated by (jl.ip is involutively isomorphic to that of canonical 
commutation relations, the reason why an indefinite-metric space appears 
may be considered as the choice of the vacuum vector i}. On the other hand, 
we can verify that any unital involutive representation of Ap must be an 
indefinite-metric space. In [16], we introduced ry-CCRs and ry-CARs which 
are generalization of (jl.ip and (|1.2p . and their representations on Krein 
spaces by modifying Fock representations of standard OCRs and CARs. 

In [2], we introduced of'l which is called the pseudo-Cuntz algebra, in 
order to construct representations of the Faddeev-Popov (=FP) (anti) ghost 
fields in string theory. It is understood that there is no C*-algebra which 
contains of^l as an involutive subalgebra. We construct an involutive repre- 
sentation with indefinite metric of ofl as follows. Consider a representation 
of (y, vr) of of'l with a cyclic vector Q, such that 

7r(si)r2 = fi. 

By (jl.3p . we see that 'it{s2)Q = 0. Hence the cyclic representation space V 

of of I is the linear span of the family {r2,7r(sj^ • • • Sj,,S2)^ : ji, - ■ ■ ijk = 
1, 2 for k > 1} of vectors. Define the hermitian form on V by 

{ej\eK) = {-ir^'^6jK 

where ej = 7r{sj^ • • • SjJQ and n2(J) = Ei=i(ii " 1) J = ih, ■ ■ • , jfc)- 
Then (•!•) is nondegenerate on V and (rijrj) = 1. We see that of\ acts 
on (V, (•!•)) involutively. Hence ((V^, (•!•))) ^) involutive representation 

with indefinite metric of of\ . 

1.3 Replacement of involution 

We replace the involution f on A§,Ap,ofl by a new one * as follows: 
Define three automorphisms a, (3, 7 of Ap,Ap,ofl by 

a{a)^-a, P{f) ^ -f, ^{si) ^ {-1)'^' Si {i = l,2). (1.4) 
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Then each of them preserves f. Define the new involution * on Aj^,Ap, 0\ { 
by 

x*^a(xt), y*^/3(yt), z*^^iz^) (x e As, y e Ap, z G of'}). 

From ()1.4p . we see that p.ip . (jl.2p . (jl.3p are equivalent to the following 
equations, respectively: 

aa — a a = I , aa — aa = a a — a a =(J, 

fr + rf = i, ff+ff = rr + rr = o, (i.e) 

s*sj = 6ijl = 1,2), sisl + S2S*2 = I . (1.7) 

New relations p3]) . (fL6|) and ([TT]) are nothing but CCRs, CARs and the 
relations of canonical generators of the Cuntz algebra 02- Let Ab and Ap 
denote algebras generated by {a, a*} and {/,/*}, respectively. We see that 
a,P and 7 in (jl.4p are also Z2-actions on -^i? and O2, respectively and 
= a{x*), = P{y*) and z"^ = 7(2:*) for x e y G Ap and z G ©2. 

Furthermore the replacement of involution is not only the change of 
appearance but also compatible to construct representations of A§,Ap, O^fl 
on Krein spaces. Remark that Ab and Ap are same as A^ and Ap as 
algebras if we take no account of their involutions. 

Assume that (7i, (•!•)) is a Hilbert space and {7i, vr, rj) is a covariant rep- 
resentation of the dynamical system (21, Z2,y?) = (^s, Z2, a), (^f, Z2, 
(O21 22,7), that is, 7ro(^ = Ad??o7r. Define (•!•) = (•!??(•)). Then we see that 
r/ is a self-adjoint unitary on TC and (Ti, (•!•)) is a Krein space such that 

{tt{x^)v\w) = {v\it{x)w) {v,w £ 7i, x G 21). 

Define 2l± = {x G 21 : ip{x) = ±x}. Then 

7r(2i+)?t:± c n±, 7r(2i_)w± c (i.s) 

where TC± = {v £ TC : rjv = zizv}. In this way, we see that a covariant 
representation of the involutive algebra (21, *) is closely related to the Krein 
space representation of another involutive algebra (2t, f). 

In Section [2l we will introduce indefinite involutions in order to show 
the difference between f and * in the above three examples and define Krein 
C*-algebras which are generalizations of C*-algebras including Ap, O^fl and 
the algebra of the Weyl form of abnormal CCRs. In Sections [3l U] and \5\ 
we will introduce elementary examples, the r/-CCR algebras, the ry-CAR 
algebras and the pseudo-Cuntz algebras as examples of Krein C*-algebra. 
In Appendix, we will show two models of indefinite-metric quantum field 
theory. 
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2 Krein C*-algebra 



We introduce indefinite involutions and Krein C*-algebras in this section. 

2.1 Krein space and indefinite involution on algebra 

A hermitian vector space (V, (•!•)) is a Krein space if tliere exists a decom- 
position V = V+ e V_ and (V±, ± (•!•)) is a Hilbert space [SEKIS]. Tliis de- 
composition is called a fundamental decomposition of (V, (•!•))• By definition, 
the new hermitian form (•!•) on Tl defined by {v\w) = {v\E^w) — {v\E-w) 
for VjU! G TC, is positive definite where E± denotes the projection from TC 
onto 7i±. The operator U = — E^ is called a fundamental symme- 
try of (7^, (•!•)). For a given Krein space, its fundamental decomposition 
is not unique in general. Hence we use a Krein triplet {TC, (•!•), r;), that is, 
a Hilbert space {Ti.,{-\-)) and a self-adjoint unitary tj on TC. For a Krein 
triplet {TC, {-\-),v), let TC± = {v £ TC : tjv = ±v}. Then TC = TC+ ® TC-. 
Hence (Ti, (•!•)) is a Krein space with the nondegenerate hermitian form (•!•) 
defined by = {v\r]w) for v,w &TC. 

For an algebra A with a unit /, the spectrum sp^(a) of a G ^ is 
defined by the subset {z £ C : there exists no inverse of A — XI in A} of C 
[6]. We write sp_4(a) as sp(a) for simplicity of description. Remark that the 
definition of the spectrum is written without use of any topology. Important 
results of spectrum theory do not hold without use of a norm, especially, the 
C*-condition. However, there is no assumption of the existence of a norm on 
the algebra of field operators in quantum field theory in general. Therefore 
it is necessary to characterize a suitable assumption for the involution on 
such an algebra without topology. 

Definition 1 Let {A, *) be an involutive algebra with a unit I. 

(i) The involution * is positive definite if I + x*x is invertible for each 
X G A. 

(ii) The involution * is indefinite if there exist x,y £ A such that sp(x*x)n 
(0, oo) / and sp{y*y) n {-oo, 0) / 0. 

The involution on any C*-algebra is positive definite |1 H 114 1 [TU]. If has a 
unit /, then I* = I for each involution * on A. Hence if there exists x £ A 
such that sp{x*x) D (— oo,0) ^ 0, then * is indefinite. By definition, if * is 
positive definite, then sp(x*x) is a subset of [0,oo) for each x G A. 
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2.2 Krein C*-algebra 

We introduce Krein C*-algebras in this subsection. For an involutive algebra 
(A, *), we write Aut(^, *) the set of all involutive automorphisms of {A, *) 
and define Aut2(^, *) = {a G Aut(^, *) : = id}. For any a £ Aut2(.4, *), 
a o * is also an involution on A. If (.4, *) is a unital C*-algebra and a ^ id, 
then the involution f defined by = a{x*) is indefinite. 

We generalize the notion of C*-algebra according to the definition of 
Krein space. 

Definition 2 A Banach involutive algebra {A, f) is called a Krein -algebra 
if there exists a G Aut2(^, t) such that 

||a(x''")x|| = for all x £ A. 

In this case, a is called a fundamental symmetry of {A, f). 

By definition, if (A, f) is a Krein C*-algebra with a fundamental symmetry 
a, then {A, a o f ) is a C*-algebra and * = a o f satisfies * o a = a o *. We 
do not know that the uniqueness of fundamental symmetry of a given Krein 
C*-algebra {A, ]). Hence we define a Krein triplet {A, *, a) by a C*-algebra 
(A,*) and a £ Aut2{A,*). This is nothing but a C*-dynamical system 
((A*),Z2,a). 

For two Krein triplets {A, *, a) and {B, f, /5) of C*-algebras are isomor- 
phic if there exists an involutive isomorphism ip from (A, *) and {B, f) such 
that ip o a = (3 o "ip. An algebra S is a subalgebra of Krein triplet (A, *, a) of 
C*-algebra if ;B is a C*-subalgebra of A such that a{B) = B. If {A, *, a) and 
(i3,t,/3) are isomorphic, then {A,#,a) and {B,-k,P) are isomorphic where 
X* = a{x*) and y* = for x G ^ and y £ B. 

If {A,*, a) is a Krein triplet of C*-algebra, then there is the following 
natural decomposition Banach space: 

A = A+®A-, A± = {x £ A: a{x) = ±x}. (2.1) 

We see that {x* : x £ A±} C A±. Especially, A+ is the fixed-point subal- 
gebra A"' of A with respect to a. Define x^ = a{x*) for x £ A. Then 

x^x = ±x*x (x G A±). 

In this sense, f on A+ [resp. A-) is positive definite {resp. negative definite) 
because x*x > for each x G Therefore the decomposition in (j2.ip is 
regarded as an analogy of a fundamental decomposition of a Krein space. 
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Because x* = a{x*) for each x G .4+, the Banach involutive algebra 
(.4+,t) is a C*-algebra. Rewrite Xq. = Then (Xq, (•!•)) is a Hilbcrt 

^+-module where {a\b) = a*b for a,b £ X^- If a; G ^ is f-self-adjoint, then 
there are unique x± G A± such that x'^ = x± and x = a;+ + ^/—lx-. Hence 

•^fs.a — (•4+)*s.a ® V 1(>4— )*s.o 

where ylfs.a denotes the set of all f-self-adjoint elements in A and others are 
defined as the same way. The part of y/—l{A-)^s.a often brings imaginary- 
spectra of f-self-adjoint operators in quantum field theory. 

We show the similarity between Krein spaces and Krein C*-algebras as 
follows: 





Krein space V 


Krein C*-algebra A 


definition 


Hilbert space with 
a unitary ri, rf' = I 


C*-algebra with an 
automorphism a, c? = id 


structure 


indefinite metric (•!•) 


indefinite involution f 


fundamental 




a 


symmetry 




fundamental 
decomposition 


V = v+ e V_ 


A = A+®A- 


positive definite 
object 


Hilbert space 


C*-algebra 



2.3 Construction of involutive representation of Krein C*- 
algebra 

We construct an involutive representation of an algebra with indefinite in- 
volution from an algebra with positive definite involution. 

Definition 3 A linear map T on a Krein space (H, {■{■)) is bounded if T 
is bounded with respect to the standard Hilbert space of {H, {-l-)). We write 
B{H) the set of all bounded linear operators on H. 

A triplet (.4, G, a) is a C* -dynamical system if a is a continuous action 

of the (topological) group G on a C*-algebra A. Especially, if a G Aut^ sat- 
isfies = id, then we obtain a C*-dynamical system {A,Zi2,a) associated 
with a. 

Theorem 1 Let (A, *, a) be a Krein triplet of C* -algebra and define the in- 
volution ] on A by x^ = a{x*) for x £ A. Assume that TC is a Hilbert space 
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with the positive definite metric (•!•) and {7i,7r,ri) is a covariant representa- 
tion of the -dynamical system ((^, *), Z2, a). Define the hermitian form 
(•|-) on TC by 

{v\w) = {v\r]w) {v,w£n). (2.2) 

Then TC is a Krein space with respect to the hermitian form and vr is an 
involutive representation of {A,\) on {Ti.,{-\-)). Furthermore the following 
holds: 

tt{x)* = r]TT{x*)ri (x S A) 

where -k denotes the involution associated with the hermitian form (•!•). 

Proof. Since vr o a = Adrj o tt, we see that 

{n{x)*v\w) = {Tr{x)*v\riw) 
= {v\'ir{x)r]w) 
= {v\r]7r{a{x))w) 
= {v\7r (a{x))w) 
= {7r{a{x))*v\w) 
= {'ir{a{x)*)v\w) 
= {7:{x^)v\w) 

for each x ^ A and v,w G Tl. From this, 7r(x)* = 7r(x^^) for each x ^ A. 
Hence the former statement holds. The later is verified by the definition of 
t- I 

Under the same assmnption in Theorem [H we see that 

iT{A+)n± c n±, TT{A^)n± c (2.3) 

where TC± = {v £ TC : 7]v = zizv} and A± is as in (|2.ip . Furthermore 
7r{A) n 13{n)± = 'k{A±) where 13{n)+ = {a E B{n) : an± C ?^±} and 
B{TC)- = {a G BiTC) : aTC± C TC^:}. In this way, the decomposition in 
()2.ip is compatible with the fundamental decomposition of the Krein space 
{TC, (•!•))• From (j2.3p and * = f on A+, the Hilbert subspace (•!•)) is 
an involutive representation of the involutive subalgebra Aj^ of {A, f). 
By Theorem [H the following holds. 

Corollary 1 Let {A,*, a) he a Krein triplet of (7 -algebra. Assume that 
u is a state on (^, *) such that the GNS representation of A by uj o a is 
equivalent to that by u. Then there exists a self-adjoint unitary r] on TC for 
the GNS representation {TC,it) by uj such that ("H, vr, (-j-)) is an involutive 
representation of (A,^) with respect to (•!•) in 
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For a representation (7i, vr) of a C*-algebra A and a C*-dynamical 
system (A, G, a) with a locally compact group G, the regular representation 
{L2{G, W), vf XI A) of the crossed product ^xG by {Ti., n) is the representation 
which is induced by the following covariant representation (^2(6*, W), tt , A) 
as follows (Section 7.7, [25]): 

(7f(a)<A)(<7) = vr(a3_i(a))0(5), (A/.(A)(5) ^ H^-'g) (2.4) 

for a G ^, /i G G and (/> G L2{G,7i) where L2{G,7i) denotes the Hilbert 
space of all square integrable "H-valued functions on G with respect to the 
Haar measure of G. We apply this for the finite group G = Z2. Let {TC,Tr) 
be a representation of a C*-algebra A and let a be an action of Z2 on A. 
Assume that there is no unitary U on 7i such that AdU o vr = vr o a. Define 
the representation vf of ^ on the Hilbert space = by 

tt{x){v ei) = {TT{a\x))v} ei {v e H, x e A, i = 0,1) (2.5) 

where cq and ei are standard basis of C^. Define the unitary on ?Y by 

Tjv ® ei = V ® ei-i {v £ Tl, i = 0, 1). 

Then we can verify that r]TT{x)rj* = 7f(a(x)) for x £ A. Hence {TC,7r,rj) is a 
covariant representation of the C*-dynamical system {A,Zi2,q:). Define the 
hermitian form (•!•) on H by (•!•) = (•|r/(-)) and 7i± = {z G H : r]z = ±z}. 
Then 

W+ = {w (eo + ei):v£ Ti}, n_ = {v ® (eo - ei) w H}. 

In this way, we can always construct an involutive representation which 
satisfies the assumption in Theorem [1] from a given involutive representation 
of a C*-algebra with a Z2-action. 

3 Elementary examples 

We show elementary examples of Theorem [TJ 

Example 1 Let C[0, 1] denote the unital commutative C*-algebra of all 
complex- valued continuous functions on the interval [0, 1] with respect to 
the standard operations. Define the new involution f on G[0, 1] by 

f\x)^f{l-x) (/GC[0,l],xG[0,l]). 
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Define /i G C[0, 1] by = 1 - 2x. Then {/i7i}(x) = -(1 - 2x)^ < 0. 

Therefore f is an indefinite involution on C[0, 1]. Define a G AutC[0, 1] by 
a{f){x) = /(I — x). Then p = a{f). Define the representation vr of C[0, 1] 
on the Hilbert space (L2[0, 1], (•!•)) by 

{TTimix) ^ f{x)(t>{x) if G C[0, 1], (/. G L2[0, 1], X G [0, 1]). 

Define the self-adjoint unitary r] on L2[0, 1] by 

(7?(A)(x) = ,^(1 - x) (0 G L2[0, 1], X G [0, 1]). 

Then {L2[0, 1], vr, ry) is a covariant representation of the C*-dynamical system 
(C[0, 1], Z2, a). Hence we obtain the involutive representation vr of the Krein 
C* -algebra (C [0 , 1] , f ) on the Krein space (L2 [0, 1] , ( • | • ) ) where ( • | • ) = ( • | r? ( • ) ) • 

Example 2 (Involutions on M2(C)) The importance of involutions on ma- 
trix algebras are well-known according to Weyl's unitary trick |36l \37\ I38j . 
We consider relations between such involutions and indefinite involutions 
as follows. Let M2(C) denote the unital C*-algebra of all 2 x 2 matrices 
with complex entries with respect to the standard operations. We consider 
involutions on M2(C) associated with Pauli's spin matrices: 

^^=(! 0)' ""'^l A ""o^)' ^'=(0 -i)- 

Let ctq denote the identity matrix for convenience. Define 

at = AdfJi G AutM2(C), x^* = ai{x*) (x G M2(C), i = 0, 1, 2, 3). 

We rewrite qI{2, C) = M2(C) as a complex Lie algebra with the Lie bracket 
of the standard commutator. Define the family {u-|-. (2) : i = 0,1,2,3} of 
real Lie subalgebras of g[(2, C) by 

Ut,(2) = {XG0[(2,C) :Xt»+X = 0} (i = 0,l,2,3). 

Then x^o is the standard hermitian conjugate of x G M2(C) and Uj^{2) is 
the Lie algebra u(2) of U{2). Let * = fg- Then we can verify that any two 
of involutive algebras (M2(C),f]^), (Af2(C),t2) and (M2(C),t3) are invo- 
lutively isomorphic. Since such isomorphisms can be chosen as preserving 
the trace, Uj^ (2), Uj^ (2) and U-|-g(2) are also involutively isomorphic as a Lie 

algebra. We explain more concretely as follows: For X = 
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x..(V), x.^(i-^), 

From these, 

ut,(2)= gl(2,R), 

Ut3(2) = {X G 0[(2, C) : + = 0} = u(l, 1) 

where /i.i = (T3. We see that = — /. Therefore is an indefinite 

involution on M2(C). This imphes that both f 2 and t3 are also indefinite and 
neither f;^, f2 nor t3 is involutively isomorphic to because fg is positive 
definite. For any X G U-|-^(2) (i = 1,2,3), we see that expX is not unitary. 
However the definition of Uj- , (2) is same as u(2) if we misunderstand f j as * 
for each i = 1,2, 3. 

These elementary examples reveal a question about quantum field the- 
ory. In quantum field theory, a symmetry is described as a unitary (=anti- 
hermitian) representation of a Lie algebra Q. Such assumption is formulated 
as 

x'f + X = 

for a generator X of g by using a certain involution f . However there exists 
no assumption of the positive definiteness for f because the metric of the 
representation of the theory is unknown until one computes expectation 
values of field operators in general. Therefore we can not know whether f is 
positive definite or not. 

Examples [1] and [2] show that neither the non-commutativity nor the 
infinite-dimensionality of an algebra is essential for indefinite involution. 
The involution f on the algebra generated by each relation (jl.ip . (jl.2p and 
p.3p is indefinite. 

Example 3 Let {TC, {■\-),rj) be a Krein triplet and let B{Ti.) denote the C*- 
algebra of all bounded linear operators on the Hilbert space {TC, (•!•)). For 
X G B{7i), the adjoint of x with respect to the hermitian form {■]■) = 
{•\r]{-)) satisfies 

x' = T]x r] . 

li 7] ^ I, then f is an indefinite involution on B(Ti.) because (•!•) = (•!??(•)) is 
positive definite if and only if f is positive definite. 
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4 77-CCR and 77- CAR algebra 

In [16], we introduced r/-CCRs and ?7-CARs as families of operators on Krein 
spaces. Here we reformulate them without use of representation. For a 
Hilbert space (Ti, (•!•)), let (2tij(W),*) and (2tF(W),*) denote the CCR al- 
gebra and the CAR algebra over TC, respectively (Section 5.2.1 in 0). Define 
{A{H),*) the involutive algebra generated by OCRs {a(/),o*(/) : / G H} 
over TC. Note that and {^F{Ti.),*) are unital C*-algebras but 

{A{H), *) is not. Let t/ be a self-adjoint unitary on H. 

4.1 ?7-CCR algebra 

Let (21^^ {H, rj),]) denote the involutive algebra generated by a family {W{f) : 
f S Ti.} which satisfies 

{W{f)}^ = W{-r^f), Wif)W{g) = e-^'^<f\^y^W{f + g) [f^geH). 

Define the involutive automorphism a on (21^^(7^, r/), f) by a{W{f)) = 
W{r]f) for / G 

Lemma 1 There exists a unique norm \\-\\ on 2t^'*('H, r/) such that = 
for each x S 21^^(7^,77). 

Proof. Define the new involution * on 21^^(^,77) by x* = a{x'^) for x G 

^%\n,7]). Then we see that {W{f) : f G Ti.} satisfies the canonical re- 
lations of the Weyl form of CCRs with respect to the new involution *. 
Therefore the involutive algebra (2l^'*('H, r/), *) is densely embedded into 
the CCR algebra 21^(7^). On the other hand, the assumption of the norm 
in the statement is just the C*-norm on (21^^(7^,7/),*). By the uniqueness 
of the C*-norm on 21^(7^), the statement holds. | 

Definition 4 The completion 2tB(7^,r/) o/ 21^^(7^, r/) with respect to the 
norm in Lemma{l\is called the rj-CCR algebra overTC. 

The algebra 21^(7^,7/) is a Krein C*-algebra with a fundamental symmetry 
a. 
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Let {AbCH,!]),]) denote the involutive algebra generated by a family 
{a(/), a"l"(/) : / G H} which satisfies 

f {a(/)}t = at(/), 

a{f)a\g) - a\g)a{f) = {f\r]g)I, {f,gG H). 

t aU)a{g) - a{g)a{f) = a\f)a\g) - a\g)a\f) = 

We call (^5(7^, ry), t) the algebra of OCRs over Ti. Similar algebras are 
treated in Section 4 of [20j . 

4.2 //-CAR algebra 

Let (21^^ {TL, rj), f) denote the involutive algebra generated by a family {a(/), 
/ G which satisfies 

f {a(/)}t = at(/), 

a(/)at(5) + a^g)a{f) = {f\ijg)I, (/, 5 G W). 

[ a(/)a(g) + a(g)a(/) = a\f)a\g) + at(g)at(/) = 

Define the involutive automorphism a on (21^^ (H, ry), f) by a(a(/)) = a(?7/) 
for / G 

Lemma 2 There exists a unique norm ||-|| on^^p\Ti.,r]) such that ||a(x^)x|| = 
/or each x G 2t^'*('H, 77). 

Proof. In the similarity of the proof of Lemma [TJ the statement holds. | 

Definition 5 The completion QlF{'H,r]) of Qlp\7{,ri) with respect to the 
norm in Lemma\Mis called the rj-CAR algebra overTC. 

The algebra ^F(TC,r]) is also a Krein C*-algebra with a fundamental sym- 
metry a. 

4.3 Representation in Krein space 

In [16], we have already given involutive representations (= the ?7-Fock rep- 
resentations) of (^B(W,7?),t) and (2tir('H, r/), f ). 
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Theorem 2 Let (TC, {■\-),'r]) be a Krein triplet and let J^^{7i) and T^{7i) 
denote the completely symmetric and the completely anti- symmetric Fock 
space over the Hilbert space {TC, (•!•)), respectively. Let 0, denote their vac- 
uum vectors as the same symbol. 

(i) There exists a self-adjoint unitary T{r]) on J-^(TC) and an involutive 
representation ttb o/ r?), f) on the Krein space (^+(7^), (•!•)) 
such that 

(l^|7rB(Ty(/))J7) = e-ll-^ll'/" (/ € 

where (•!•) denotes the hermitian form on Tj^{7i) defined by {v\w) = 
{v\T((q)u}) for v,w £ J^+{Ti.). Furthermore, 7rB(2l_B('H, r/))i7 is dense 
in J^^{H). 

(ii) There exists a self-adjoint unitary r{rj) on T+{Ti.), a dense subspace 
V of J^+{Ti.) and an involutive representation irsfl of {AsiJi^Ti]),]) on 
the Krein space {T+{Ti.), (•!•)) such that 

nB,oHfm = (for all f en), 7rB,o{^B{'H,7j))n = V 

where (•!•) is the hermitian form onTj^(J-i) defined by {v\w) = {v\T{rf)w) 
for v,w £ J^^{H). 

(iii) There exists a self-adjoint unitary T{rj) on T-i7i) and an involutive 
representation np o/ r/), f) on the Krein space (^-(H), (-j-)) 
such that 

TrF{a{f))n = {for all f e H) 

where (•!•) is the hermitian form onJ^^(7i) defined by {v\w) = {v\T{ri)w) 
for v,w £ J^^(7i). Furthermore, TTF{^p{7i,r]))0, is dense in T^{7i). 

Here topologies onTj^iJ-i) andj^^(7i) are taken as the norm topology induced 
by the inner product (•!•). 

Proof. For (ii) and (iii), see Theorem 1.2 in [IGJ. We show (i). Let r(ry) 
denote the second quantization of rj and let {W{f) : f £ Ti} denote the 
family of Weyl forms of OCRs on T+{n). Since {Q\W{f)n) = e-"-^""/^ for 
each / e W in Section 5.2.3 of [7J, {n\TTB{W{f))n) = (n\r{rj)TTB{W{f ))n) = 
{Q\7rB{W{v{f))r{rj)Q) = {n\7TB{W{7]{f))Q) = e-M^/^ = e-M'/^ , 
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4.4 Equivalence 

When rj = I, the ??-CCRs and the ry-CARs coincide with ordinary CCRs and 
CARs, respectively. We classify algebras QIbCH, rj), Asiji, rj) and 21^(7^, ry). 

Proposition 1 For two self-adjoint unitaries rj and r/' on TC, if there ex- 
ists a unitary U on TC such that UrjU* = rj , then the following involutive 
isomorphisms hold: 

Proof. Assume that {a(/),a^(/) : / G H} is the set of canonical genera- 
tors of AB{n,r]). Define t{f) = a{U* f) and t^f) = a^{U*f) for f e H. 
Then we can verify that {t{f),t^{f) : / G 7i} satisfy canonical relations 
of AB{TC,r] ). Hence we obtain the embedding of AbCH,?] ) into ^_B(W,r/). 
Furthermore this mapping is surjective. Therefore ABi'H^r]) and ABiTl,r] ) 
are involutively isomorphic. In the same way, we can verify other cases. | 

Corollary 2 In PropositionUl equivalences among algebras hold if 

(ind+(?7),ind_(r/)) = (ind+(r/'), ind_(?7')) 
where md±{ri) = dim{x £ TC : rjx = ibx}. 

Since the ry-CCR for rank?] = 2 is unique up to involutive isomorphism 
(Example 3.3 in [H]), the inverse statement of Corollary [2] does not hold. 

4.5 Algebra of FP ghosts 

We reintroduce the algebra of FP ghosts in [2] as a Banach involutive algebra. 
As for the FP (anti) ghost fields in string theory, their mode-decomposed 
operators satisfy the abnormal anticommutation relations with the special 
structure owing to the hermiticity of the FP (anti) ghost fields as follows: 

cqCo + cqCo = -/, 4 = Co, 4 = Co, 

(4.1) 

V CmCn ~\~ C-nCfn — CmC-n ~\~ CnCm — ^m.nl ij^i Tl = 1, 2 . . .) 

and other anticommutation relations vanish. Define TVq the involutive 
algebra generated by {c„, c„ : n > 0}. Define the self-adjoint unitary r] on 
the Hilbert space TC = /2(Z>o) by 

^e2„ = -e2n+i, f?e2„+i = -e2n {n > 0) (4.2) 

where Z>o = {n £ Z : n > 0}. 
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Lemma 3 For r] in {4-^ ; there exists an involutive embedding of J^Vq into 
the r]-CAR algebra 2ti?('H,ry). 

Proof. Let {a{f) : f £ Ti} denote the canonical generators of ^piJiiV) 
and define a„ = a{en) for n > where {e„}„>o denotes the standard basis 
of TL. Define the map ip from TVq into QiF{Tl,7]) by 

^(co) = 2-V2(ao + al), ^{c) = 2-^/^{ai + a{), 

ip{Cn) = a2n, <f{Cn) = a2n+l (n > !)• 

Then we can verify that ip is an involutive embedding. | 

The completion J^V of J-'Vq in Qip{TC,r]) is the Krein C*-algebra of FP 
ghosts. 

5 77-Cuntz algebra 

In this section, we introduce ry-Cuntz algebras as Krein C*-algebras. 
5.1 Definition and equivalence 

Let rj = {r]ij)^j^i be a self-adjoint unitary in U{N). Let {ol^\f) denote 

the unital algebra O^^ with an involution f generated by si, . . . ,sn which 
satisfies 

N 

Define the involutive automorphism on {oi^\'\) by 

N 

ar,{si) = '^VjiSj {i = l,...,N). (5.2) 

i=i 

Lemma 4 The algebra oij^^ has a unique norm || • || such that \\ 
for each x G o'^\ 

Proof. Define the new involution * on o'^^ by x* = 0^(2;^) for x G 
Then we see that is a dense involutive subalgebra of the Cuntz al- 

gebra (Otv, *) [8]. Since the norm || • || satisfies the C*-condition with respect 



17 



to *, the norm || • || is a unique C*-norm on the involutive algebra {Orj , *)■ 
I 

The existence of oij'^ for any rj is also verified in the proof of Lemma [H 

Definition 6 (i) The completion O^^ of o'^^ with respect to the norm in 
Lemma^ is called the ij-Cuntz algebra. 

(ii) For nonnegative integers d, d' with d + d' > 2, the Banach involutive 
algebra i0^^i,'\) is called the pseudo-Cuntz algebra if O^j is the ij- 

Cuntz algebra for rj = {r]ij)f~jf^i £ U{d + d) defined by 

- ( X ) . (5.3) 

Especially, Odfl — Od- In [2], we generalized the Cuntz algebra to the 
pseudo-Cuntz algebra without topology which is an involutive algebra of 
operators on an indefinite- metric space. In Definition [6] (ii), the pseudo- 
Cuntz algebra is redefined as a Banach involutive algebra without use of 
any representation. 

The equivalence among {On '■ rj £ U{N), rj* = rj} is shown as follows: 

Lemma 5 If rj = A-q' A* for a unitary A G U{N), then — O^' . 

Proof. Let si, . . . ,S7v denote the canonical generators of On- Define ele- 
ments ti = X^jLi ^jjSj in O^' for i = 1, . . . , iV. Then we see that ti, . . . ,tN 
satisfy the canonical relations of O^/. Therefore O^' is embedded into On- 
Furthermore this embedding is surjective. Hence the statement holds. | 

Corollary 3 For any self-adjoint element rj G U{N), the algebra On is 
isomorphic to a certain pseudo-Cuntz algebra. 

Let {A, t) denote the involutive algebra generated by si and S2 which satisfy 
the following: 

s\s2 = I, s\si = sls2 = 0, Sisl -\- S2s\ = I. 

Then the involution f is indefinite. The algebra {A, f) is densely, involutively 
embedded into {Oi^i,\). 
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Example 4 Two algebras O2 and Oi^i are not involutive isomorphic be- 
cause there is no nondegenerate involutive representation of Oi^i on Hilbert 
space. In the same reason, O2 and Oo,2 are not involutive isomorphic. We let 
the following open problems: Whether are 02,i and Oi^2 equivalent or not? 
Whether are Oi^i and Oo,2 equivalent or not? Classify all pseudo-Cuntz 
algebras. 

For rj in (j5.3p . p is the canonical endomorphism of ^' if p is the map 
on ^' defined by 

d+d' 

p{x) = ^ riiiSiXs\. 
1=1 

We see that p{x)p{y) = p{xy) for x,y £ O^^'. 

For r] in ([53]), define U{d,d') = {g e GL^^^/(C) : gr]g* = r/}. Then 
U{d,d') is a group such that g* G U{d,d') for each (7 G U{d,d') where * 
denotes the hermite conjugate on M^^^/(C). We see that U{d,d ) = {g £ 
GL^^^i (C) : g*r]g = rj}. For g G U{d,d), define the involutive automor- 
phism ag of ^1 by 

d+d! 

agisi) = gjiSj {i = I, . . . ,d + d). 

i=i 

Then a is an involutive action of U {d, d') on {O^ rf' ) t)- Especially, the U (1)- 
gauge action on ^' is also an involutive action. 

5.2 Involutive representation of O^^' on Krein space 

According to Theorem [H we consider involutive representations of pseudo- 
Cuntz algebras. 

Corollary 4 Let ij be as in 15. 3\) . Assume that (TCjir,!/) is the covariant 
representation of the -dynamical system (O^^^/ , Z2, arj) for arj in \5.S\) 
and N = d + d' . Define the hermitian form (•!•) on 7i by 

{v\w) = {v\Uw) {v,w G 7i). 

Then vr is an involutive representation of{0^ ^ , f) on the Krein space {7i, (•!•)). 

We show examples. 
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Example 5 Let (7i, vr) be a representation of O2 with a cyclic vector Q GTi 
which satisfies 

7r(siS2)^ = ^■ 

Such {Ti.,ir) is -P(12) in [15] and it is unique up to unitary equivalence and 
irreducible. Define a E Aut02 and the new involution f on O2 by 

a{si) = si, a{s2) = -S2, x'^ = a{x*) (x G 02)- 

Then O2 becomes Oi^i by replacing the involution * with f. We construct an 
involutive representation of (Oi^i,t) from ('H,vr) as follows. Since (WjTtoq) 
is not equivalent to (TCjir) , {TC,tt) itself is not a covariant representation 
of (C'2,Z2,a). From (Tijir), we obtain the representation {H,Tr) of O2 in 
([23]) . Define Vi = ^{02)^ Ceo and V2 = ^{02)il Cei. We see that 
both vf I Vi and 7r| V2 are irreducible representations of £?2- On the other hand, 
H+ = {v (eo + ei) : V e H} and H- = {v (eo — ei) : u G W}. Hence H± 
is not invariant under the action of 7r(C'i^i). 

Example 6 Let d > 1 and rjij = {—iy~^6ij for i,j = 1,2, .. . ,2d. Define 
the *- automorphism of 02d by 

a{si) = r]iiSi {i = 1,2,3,..., 2d). (5.4) 

Then = id. Define the new involution f on 02d by = a{x*) for x G 02^- 
Then we see that 

2d 

4^j = ^ij^ (i, j = 1,2,3, ... ,2(i), ^ = /. 

Hence they generate Od,d- In this way, the replacement of involution on 02d 
makes 02d to Od,d- 

Next, we construct an involutive representation of Oa^d as follows. Let 
{{H, (•!•)), vr) be a *-representation of 02d with a cyclic unit vector 17 G 7^ 
which satisfies 

tt{si)Q = Q. 

By this assumption, we see that {7i,7r) is irreducible. Let {1, . . . ,2d}* = 
Ufc>o{l, • • • , 24'= where {1, . . . , 2d}^ = 0. Define the function x on {1, ... , 2d}* 
hy~xm = l, 

x{J) ^ (-i)"2(^) 

where n2{J) = #{i £ {1, . . . , k} : ji is even} for J = (ji, . . . , j^). Define the 
subset A = {(1), JU(i) : J G {1,2, . . . ,2^}*, 2 < i < 2d} of multiindices and 
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let subsets A± of A by A± = {J £ A : x{J) = Define two subspaces 

H±fl of H by 

n±,o = Un{{7T{sj)n : J e A±}) 

and let TC± denote their completions. Then {7r(sj)0 : J G A} is a complete 
orthonormal basis of TC and TC = TCj^ © TC- . Define the unitary 77 on H by 

T]7r{sj)n = x{JMsj)n (jeA). 

For a in ()5.4p . we can verify that vroa = Ad?707r. Let ei = and = 7r(si)0 
for i = 2, 3, 4, ... , 2(i and define {e^ G TC : n £ N} recursively by 

e4d(n-i)+j = 7r(si)e2n-i, e4d„+i_i = 7r(si)e2n (i = 1,2, . . . ,2(i, ,n G N). 

Then {e2n-i : G N} C Ti.+ and {e2n : n G N} C 7i^. Define the new 
hermitian form (•!•) on 7i by 

{v\w) = {v\t]w) {v,w £ TL). 

Then (e„|em) = flnm foi^ n,m £'N. We see that {H, (•!•)) is a Krein space 
with a fundamental decomposition 7ij^ © and (("H, (•|-)),7r) is an invo- 
lutive representation of the pseudo-Cuntz algebra {Od^-, ])■ This is just the 
example in Section 3 of [2]. 
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A Pauli's modified Schrodinger representation of 
abnormal canonical commutation relations 

We review the Pauli's example in Section 3 of [28j as a covariant represen- 
tation of the involutive algebra A generated by abnormal canonical com- 
mutation relations by modifying the Schrodinger representation. He strictly 
distinguished "hermitian operator" and "self-adjoint operator" , and " * " 
and "f " as his notation and terminology. Remark that we change the nota- 
tion and terminology from originals. Let {A, f) denote the involutive algebra 
generated by a and a) which satisfy (jl.ip . We see that A = Ab{C, —I) in 
Section [4.11 Define the involutive automorphism a of (^, t) by a{a) = —a 
and a{a)) = —a) . Define the new involution * on ^ by x* = a(x^) for 
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X £ A. Then we see that aa* — a*a = I. Define the covariant representation 
(Ti, IT, R) of the involutive dynamical system {{A, *), Z2, a) by 

n = L2{R), 7r{a) = 2-^/Hp-V^q), 

R-.n^H; {Rf){q) ^ f{-q) (g G R) 

where p = —\/—ld/dq and let q denote the position operator on TC. Since 
operators p and q are extended to self-adjoint operators on TC, the adjoint 
7r(a)* of 7r(a) with respect to the standard inner product on L2(R) is given 
by Tr{a)* = 2-i/2(p + ^/^q). We see that vr o a = AdR o tt. Hence the 
algebra {A, f) is involutively represented on the Krein space {Tl, (•!•)) where 
the indefinite metric (-j-) on TC is defined by 

[ m{Rg}iq)dq= [ mg{-q)dq {f,gGn). 
JR JR 

Then the adjoint 7r(a)"f of 7r(a) with respect to (-j-) is given by 

7r(a)t = 2-^/\-p - ^/^q) = -7r(a)*. 

Furthermore = —p and q^ = —q. For TC± = {v TC : Rv = ±7;}, we see 
that TC+ {resp. TC-) is the space of all even (resp. odd) functions in TC. In 
consequence, the replacement of involution on the Schrodinger representa- 
tion gives an involutive representation of abnormal canonical commutation 
relations on the Krein space. 

B A model with indefinite metric 

It is known that there are various simple models associated with indefinite- 
metric quantum field theory [3l [IHl [27]. Araki treated a system of a boson 
and an abnormal boson [3J. Nakanishi treated a system of a fermion, an ab- 
normal fermion and a countably infinite family of bosons in the Lee model 
(Section 12, [27]. See also [1^). They computed eigenvalues of Hamiltoni- 
ans which are apparently self-adjoint, and showed that there exist complex 
eigenvalues which are not real under certain conditions. Such Hamiltonian 
is treated as "pseudo-Hermitian operator" in [32j . 

In order to effectively explain how the indefinite-metric space appears 
and why non-real valued eigenvalues are derived, we introduce a simpler 
model as a virtual system of transformation among a particle ^ to a particle 
B 
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Assume that ^ is a boson (= b) or a fermion (= /), and B is an abnormal bo- 
son (= b) or an abnormal fermion (= /). Hence there are four combinations 
of the choice of particles A and B as follows: 

{A,B) = ib,b),{bJ~),{f,b),{f,f). (B.l) 

For every combination, we define the (common) Hamiltonian H by 

H = mAa\aA - mBa^^aB + ga\aB + ga'^aA (B.2) 

where mx,a\^,ax denote the mass, the creation and the annihilation oper- 
ator of X = A,B and g £ C is their coupling constant. We assume that 
dA^B = o-bo-a and o^^ob = aBa\. Let Q denote the common vacuum vector 
such that QA^ = ttB^ = 0. Then we see that the hermitian form (•!•) on 
the state space such that H is self-adjoint and O is normalized, satisfies the 
following: 

{n\n) = {a\n\a\n) = l, (a^0|a^J7) = -1 (B.3) 
and Q,a^^D.,a^^ft are mutually orthogonal. 

Proposition 2 Let V = Lin({a|^il, a^ri}) and let H be as in liB.^) . Then 
HV C V and the eigenvalue of H on V is the following: 

(i) If \mA — thbI > then H has two different real eigenvalues. The 
norm of one of these two eigenvectors is negative. 

(ii) If\mA — tubI = 2\g\, then H has one real eigenvalue. The associated 
eigenvector is neutral, that is, zero-norm. 

(iii) // \ mA — rnB\ < 2|(7|, then H has two different eigenvalues which are 
not real. 

Proof. For each case in (jB.ip . the first statement is easily verified and the 
matrix representation of H with respect to a^^il and a^fi is 

H\v={'^.^ (B.4) 
\ g ruB J 

By the discriminant of the eigenequation of this matrix, the statement (i),(ii) 
and (iii) about the properties of eigenvectors hold. The norm of the eigen- 
vector with respect to the indefinite metric (•!•) is verified by direct compu- 
tation. I 
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The operator H in (|B.2p is hermite on the state space with the indefinite 
metric (•!•) which satisfies ()B.3p . However the matrix in (|B.4p is not hermite 
where ()B.4p is obtained from the comparison of the left side and the right 
side of the eigenequation. The result of Proposition [2] is similar to that of 
the Lee model in [27] . For our model, it is not necessary to use the topology 
of indefinite- metric space and operators on it because dim!/ < oo. 

We consider the above model as a representation theory of involutive 
algebra. Let {Ax,]) denote the involutive algebra generated by ax and let 
Tix = J^+{C,r]) or ^_(C,?7) for X = A, B, respectively. If A is a boson, 
then TCa - ^2(N) and r] = I. If A is a fermion, then Ha - and r] = I. 
The total algebra is Aa'^^Ab and the representation space is TLa^'^b- The 
Hamiltonian H belongs to Aa ® Ab- Define the involutive automorphism 
a of Aa ® As by a{aA) = ^a, "(oJi) = (^{0.3) = —13 and a(a^) = — 
where we identify a a and as with aA® I and I ® as, respectively. For the 
new involution x* = a(x^), we obtain that 

H = mAa*AaA + msaBaB + ga\aB - ga^aA- 

Then we see that H is not self-adjoint with respect to * on the positive 
definite-metric space. Since the eigenvalue of H is independent in the choice 
of hermitian form, the result in ([2]) holds. 
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